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Multidimensional and morphological population balance (PB) models for crystalli-
zation processes have been proposed in literature, which can be used to simulate the
dynamic evolution of particle shape as well as particle size distribution. These models,
however, can become computationally expensive when the crystal has a large number
of independent faces, and are not applicable to noncrystalline, irregularly shaped
particles such as those encountered in granulation and milling. This article addresses
these challenges by introducing principal component analysis (PCA) into morphologi-
cal PB modeling. PCA transforms the shape description of a particle from a
high-dimensional domain to a lower dimensional, principal component (PC) space.
Morphological PB models can then be built in this latent variable space, greatly
reducing the computational complexity. It also makes it possible to model noncrystal-
line irregularly shaped particles. The original particle shape at any time can be
reconstructed from the PCs. © 2009 American Institute of Chemical Engineers AICKE J, 55:
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Introduction

Population balance (PB) models have been widely used in
engineering for modeling the dynamic evolution of particle
size distribution (PSD) in crystallization, granulation,
agglomeration, and milling processes, as well as in biologi-
cal systems for simulating the growth of microbial and cell
populations. In these models, the size of a particle is often
defined as the diameter of a sphere having the same volume
as the particle. This is an over-simplified treatment because
it definitely misses important information about the particle
shape, a very important property that affects not only the
processability of particles such as flowability but also the
end-use property such as bioavailability for drug particles.
Motivated by this observation, several researchers have car-
ried out research on introducing particle shape information
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into PB simulation and proposed multidimensional PB mod-
els for crystallization processes. The models can predict the
evolution of PSD in more than one size dimension,'™'! for
example, the length and width distributions for plate-like
crystals. However, the majority of efforts have been limited
to using two characteristic size dimensions. Ma et al!>13
recently proposed a new multidimensional PB model for
crystallization processes, which is called morphological PB
model. It defines the shape and size of a crystal as a function
of the normal distances of all its faces to the geometrical
center of the crystal, and predicts the dynamic evolution of
size distribution of every face for the population of crystals.
The growth rate for every face is defined as a function of
supersaturation and size. Morphological PB model empha-
sizes the capability of full reconstruction of the particle
shape in high fidelity at any moment of the simulation. A
morphological PB model is obviously a multidimensional PB
model, but not always vice versa. Multidimensional PB
models proposed in literature are so far restricted to use two
characteristic size dimensions, and are not always able to
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fully reconstruct the particle shape unless for very specific
situations such as plate-like crystals. In addition, the term
“multidimensional PB” has also been used in literature to
refer to PB simulation that uses only one size dimension
(sphere diameter), with other dimensions being variables not
related to particle size or shape. Because a morphological
PB model is able to retain the particle shape, it provides an
effective multiscale modeling tool, linking single particle
simulation, e.g., single crystal morphology prediction, with a
process model about the behavior of the particle population
in a processing vessel.

In principle, the morphological PB model has no limit on
the number of faces for the modeled crystals. In other words,
it has no limit on the number of size dimensions. But with
the increase in the number of size dimensions, solution of
the PB equations becomes computationally too expensive,
resulting in unacceptably long CPU time. In applying the
morphological PB model to the case studies,'*'? symmetri-
cal faces were treated as having identical growth behavior,
which effectively reduced the size dimensions, and so the
computational time.

Multidimensional PB models have only been investigated
for crystallization processes. Their application to processes
such as granulation and milling that produce irregularly
shaped particles has not been attempted. This does not imply
that particle shape is not important for these processes. It is
most probably because it is much more difficult to accurately
define the shape of irregularly shaped particles than for crys-
tals, and therefore, how the multidimensional PB models can
be applied to these processes is not obvious.

The purpose of this study is to develop a new methodol-
ogy for carrying out particle shape-based PB modeling that
uses only a small number of size dimensions, but misses
little particle shape information. The method is based on
principal component analysis (PCA). It uses principal
components (PCs) to describe the particle shape so that PB
modeling can be carried out in a transformed, latent variable
domain, or PC space. The PCs are calculated directly from
the original multiple size dimensions of particles, but the
number of PCs can be much smaller than that of the original
size dimensions used for shape representation. At any time,
the real particle shape can be reconstructed from the latent
PCs using the PCA model.

Shape Description in PC Space
Principal component analysis

Given a data set consisting of m observations for n
variables, xy, x5, ... x,, PCA calculates a new variable y,
that accounts for the variation in the n original variables.
The first PC, y;, is the linear combination of the n original
variables,

Y1 =wWiXp +wpxy 4wy, (D

where the sample variance is greatest for all of the coefficients,
Wi1, Wi, ... Wi, cOnveniently written as a vector wy. wyy, wyo,
...wy, need to satisfy the constraint that the sum-of-squares of
the coefficients, i.e., w'; wy, should be unity. The second PC,
¥a, is also given by the linear combination of the n original
variables as,
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Y2 = WoiX1 + wpXa + ...+ WX, ()

or
/
Y2 = W)X
which has the greatest variance subject to two conditions,

wywz = Landwyw; = 0(so thaty; andy, areuncorrelated). (3)

Similarly, the jth PC can be calculated as

¥ = wix, )
which has greatest variance subject to ww; = 1, wjw; = 0
@ <p.

The coefficients defining the first PC, i.e., the elements of
wy can be determined by maximizing the variance of y,
subject to the constraint, w'yw; = 1. The variance of y; is
then given by

Var(y;) = Var(w;x) = wjSwy, ®)

where S is the variance-covariance matrix of the original
variables. The solution of wy;, w,, ... wy, to maximize the
variance y; is the eigenvector of S corresponding to the largest
eigenvalue. The eigenvalues of S are roots of the equation,

IS — A1 = 0. 6)

The eigenvalues, 4,4,,...4, can be arranged from the larg-
est to the smallest. The first d eigenvectors, d < n, are the
PCs that capture most of the variance of the original data,
whereas the remaining PCs can be considered as mainly rep-
resenting noise, therefore, can be removed. Therefore, the
data are reduced from dimension of n to a much smaller
dimension of d, with loss of mainly the noise information.
PCA is scale dependent, and so the data must be scaled in
some meaningful way before PCA analysis. The most usual
way of scaling is to scale each variable to unit variance.

The PCs are also called as scores, whereas the weights are
often known as loadings. As every PC is the linear addition
of the original variables, it can be interesting to know which
original variables make more contribution than others to a
specific PC. This can be analyzed by plotting the loadings.
As the original variables are scaled before PCA is applied,
the larger the loading, the more contribution that original
variable makes.

The operation can be described in matrix algebra as
follows:

[y]mxn = [x]mxn[w]mxn (7)

[y]mxd ~ [x]mxn[w]mxd' (8)

Then, the original variables can be reconstructed by the
following operation:

[x]mxn ~ [y]mxd[Wde}T’ (9)
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where T is the transpose. Clearly, the old data cannot be
exactly reconstructed because the PCA operation has lost some
information. PCA is the most important technique behind the
advances in recent years in multivariate statistical process
control,'*'> and has also been successfully applied to model
reduction of complex chemical mechanisms such as for
combustion.'®!”

Shape and size description in PC space

For a crystalline particle, such as the one shown in Figure
la that has 26 faces, its shape and size can be represented
by the normal distance of each face to the geometrical cen-
ter.!>!3 Using the same method to define the shape and size
of an noncrystalline, irregularly shaped particle in two
dimension (2D), such as the one shown in Figure 16,519 the
distance of every pixel at the edge to the geometric center of
the object is required. To describe the shape and size of the
same object in three dimension (3D), Figure Ic, it requires
the distances to the geometric center of the particle from all
the points on the particle surface. Here, it needs to point out
that the discussion is about simultaneous description of both
the shape and size of an object. To explain this more clearly,
considering a plate object with zero thickness, length L,
width W, its simultaneous description of both shape and size
needs to include both L and W, but to purely describe its
shape, only the aspect ratio, L/W is needed.

In summary, the shape and size of a single particulate
object in 2D or 3D, either a structured crystal or an irregu-
larly shaped particle, can be described by a finite number of
sizes, namely, xi, X,, ..., X,. To consider a population of m
particles, each with n shape and size descriptors, a matrix is
formed as,

X4 X2 ---- Xp

particle - 1

particle - m
(E-1)

Applying PCA to this data matrix and selecting d number
of PCs, d < n, leads to:

PC1 PC2 -- PCd

particle - 1

particle - m

(E-2)
where PC1, PC2, ... , PCd represent the new latent size
dimensions, each is calculated by the linear combination of
all the original sizes xy, X, ... , X,. To conduct multidimen-
sional PB modeling in the original size dimensional space,
one has to consider all the n dimensions. The idea of multi-
dimensional PB modeling in a PC space is to model the size
distribution evolution in each of the PC directions, PCI1,
PC2, ... , PCd. As d is expected to be much smaller than n,
the number of size dimensions that need to be modeled can
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Figure 1. (a) Potash alum crystal with 26 faces, and
(b, c¢) noncrystalline irregularly shaped
particle in 2D and 3D.

In morphological PB model, the shape and size of the crys-
tal in (a) is defined by the normal distances of individuals
faces to the geometric center of the crystal. To apply the
same approach to the objects in (b) and (c) will need the
distance to the center of every pixel on the edge of the 2D
object in (b), or every pixel on the surface of the 3D object
in (c). [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

be significantly reduced. In an extreme situation, if d = 1, it
turns out to be a one size dimensional PB that has particle
shape information.

As the (n — d) components neglected are considered mainly
noise, the dimension reduction process does not cause much
loss of the shape information. At any time of simulation, the
shape and size of particles represented by xy, x5, ..., x,, can be
reconstructed from the selected PCs, using Eq. 9.

In the case study to be presented in the next section for a
crystallization process of potash alum, it will be demon-
strated that 26 dimensions, defined as the normal distances
of the 26 faces to the geometrical center, can be transformed
to three PCs. For each latent, PC direction, growth rate can
be estimated, and the dynamic changes of size distributions
for the PCs are modeled. At any time of the simulation, the
original 26 sizes can be reconstructed from three PCs. There-
fore, it represents a reduction in size dimensions from 26 to
3. The principle demonstrated is applicable to noncrystalline
irregularly shaped particles processing, for which shape-
based multidimensional PB modeling has been considered by
many people as having no obvious solutions.

Morphological PB Modeling of Potash Alum
Crystallization in PC Space

In this section, a case study of a seeded potash alum crys-
tallization process is presented to demonstrate that morpho-
logical PB modeling can be carried out in PC space. Potas-
sium (potash) alum (KAI(SO4),-12H,0) crystals can be
easily crystallized from aqueous solutions. The crystal mor-
phology, Figure la, is dominated by the large octahedron
face {111} and two essential but considerably smaller faces,
the cubic face {100} and the rhomb-dodecahedron face
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{110}.2%?! Three minor faces, {221}, {112}, and {012}, can
only exist at early stages of the crystallization process. The
three primary growth forms are manifested in the external
morphology through the multiplicities associated with cubic
symmetry, which yields a total of 26 crystal growth surfaces,
i.e., eight {111}, six {100}, and 12 {110} crystallographi-
cally equivalent faces, respectively.

The operating condition for the seeded cooling process
was deliberately maintained at low supersaturation level, so
that the dominant process is crystal growth, and the effect of
secondary nucleation is negligible, as already confirmed in
an earlier study.13 Crystal breakage and aggregation are not
included either because for potash alum crystal, the complex
inorganic hydrate compound displays no known cleavage
planes for particle fracture. Strongly bonded equant particle
morphology is not particularly known for attrition. The crys-
tal chemistry for all crystal habit faces displays an intimate
mixture of cation, anion, and hydrating water molecules in
such a manner that significant particle/particle agglomeration
is not expected. Under these assumptions, to be able to carry
out morphological PB modeling in the PC space, all needed
are the initial size distributions of the selected PC size
dimensions, and the growth rate in each PC direction as a
function of process operating conditions. In the following,
we will first introduce how the original simulation data for
the case study were generated, and then describe how the
data were processed using PCA to estimate the initial size
distributions of the selected PC dimensions, and the growth
rate in each PC direction.

Generation of original data

The morphological PB model developed for seeded cool-
ing crystallization of potash alum in our previous study'® is
used to generate the original data. Ideally, the model should
provide the dynamic evolution data of size distributions in
all the 26 crystal faces. Although such morphological PB
equations can be easily formulated, it proved to be computa-
tionally too expensive to complete the simulation within a
reasonable computational time. As the potash alum crystal
has symmetrical faces, the 12 {110}, six {100}, and eight
{111} faces, and the symmetrical faces were assumed to
have identical growth behavior, 3D PB simulation was
actually conducted.'® Under the original assumption, i.e.,
symmetrical faces being identical, the simulation based on
three independent faces can be used to generate data for the
other 23 faces. But instead of using the data directly, we
have introduced 10% white noise to the data so that even for
symmetrical faces the data have variations. Figure 2 shows
the time-varying mean distances to the particle center for the
26 faces. It needs to be emphasized that the purpose of the
case study here is to demonstrate that morphological PB
modeling can be carried out in the PC space. Once this is
proved, the ways that PCA-based morphological PB model-
ing can be used will be discussed in a later section.

Calculation of initial PC size distributions and growth
rates in PC directions

The generated data are arranged in a matrix format of
expression E-3. The columns, xi, X, ... , Xz, represent the
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Figure 2. The time-varying mean distances to particle
center for the 26 faces.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

sizes of the 26 faces, i.e., the distances of the faces to the
geometrical center of the crystal. The rows are divided into
sections, t, f, ... , ty, representing the time points of simu-
lation. At a given time point, there are m rows, representing
m particles, particle-1, ... , particle-m. Therefore, the data
matrix shown in E-3 is of the size (m x T) x 26. It is
expected that after PCA analysis of this matrix, the columns,
X1, X2, ..., Xp6, Will be reduced to PC1, PC2, ... , PCd, d <
26, whereas there is no change in the number of rows.

time particles X4 X5 ——-- X2g
particle - 1
1
particle - m
particle - 1
A i
particle - m

(E-3)

For each time point of ¢, 15, ... , ty of expression E-3,
however, there would be too many rows because there are
so many particles. In this case study, m = 2.2 x 10’. As a
result, only a limited number of representative particles of
different shapes and size were selected. The selection was
based on the faceted size distributions of the seed crystals at
the start of crystallization. As there are symmetrical faces,
ie., six {100}, 12 {100}, and eight {111} faces, the selec-
tion was based on the size distributions of three independent
faces. For each of the three faceted Gaussian size distribu-
tions, 15 sizes were chosen as the mean u, u £+ 1/40, u £ 2/
40, i £+ 3/4o, u £ 4/4o, u £ 5/40, u £ 6/40, and u + 7/4a,
where pu is the mean and o is the standard deviation of a
Gaussian distribution. So, the total number of selected par-
ticles at each time point was m = 15 x 15 x 15 = 3375.
The simulated time span was 3300 s, which was
simulated over 57 time steps. So, the matrix in expression
E-3is (m x T) x 26 = (3375 x 57) x 26.
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Figure 3. Variance of 26 principal components.

The curve becomes flat from the fourth principal component
indicates that only three principal components are needed.

Please note that there are only two purposes here: to
determine how many PCs are needed for carrying out PCA-
based morphological PB modeling, and to estimate the
growth rates in each PC direction. So, using only a selected
number of particles that are representatives of different
shapes and sizes in the matrix of E-3 is acceptable. After-
ward, in the PCA-based PB modeling, the whole population
of particles is to be used for the simulation instead of only
the selected particles.

PCA is applied to the matrix of E-3. The variances of the
26 PCs are plotted in Figure 3, based on which three PCs
were selected. Although various approaches were proposed
for determining how many PCs should be retained, there is
no definite conclusion on which method is the best. In the
current case study, three PCs were selected based on the
slope of plot of variance vs. PC number in Figure 3. Three
PCs were selected because from the fourth PC there is a
sharp change in the slope. It is interesting to note that the
number of selected PCs equals the number of original inde-
pendent crystal habit faces, representing {100}, {110}, and
{111}. This might not be purely coincident: it could be the
case that to fully reconstruct the original crystal shape of 26
faces, three size dimensions are needed, either three PC
faces or three original independent faces representing the six
{100}, 12 {110}, and eight {111} faces. Therefore, it natu-
rally leads to a speculation whether the three PCs actually
correspond to the three independent faces. It was found that
they are not exactly the three independent faces, but some
kind of relationships can be found using contribution plots.
Figure 4 shows the contribution plots of the 26 faces to PCI,
PC2, and PC3, plotted over time. It can be seen that for
PC1, the contributions of the six {100} faces are larger than
that by the 12 {110} and eight {100} faces. This means that
PC1 represents more information of the six {100} faces than
other faces. However, the contributions by 12 {110} and
eight {100} faces are not zero, so PC1 cannot be considered
as only representing the six {100} faces. Similar observa-
tions can be made for PC2 and PC3.

After PCA analysis and the selection of three PCs, the
matrix of E-3 becomes a new matrix, which has three
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columns, but with no change in the number of rows. This
new matrix is used to estimate the growth rates in each PC
direction. At each time point of the time span of simulation,

ty, t, ... 7, for each PC size dimension, the m particles
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Figure 4. Contribution plot of every face to each
selected principal component, plotted over
time.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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have their size distributions. The mean is considered as the
size of the particles at that time point. Instead of directly
calculating the growth rate data from these mean sizes, we
first correlated these mean sizes with supersaturation. The
sizes of the three PC directions are correlated with the rela-
tive supersaturation as follows,

Sizepc; = 0.0483 6% — 0.00464 ¢ + 1.2118 x 107*  (10)

Sizepcs = 0.01058 6> — 0.00197 ¢ + 7.6469 x 10~* (11)

Sizepes = —2.5299 x 104 6% +4.122 x 10~

12)

where ¢ is the relative supersaturation defined as the ratio
between crystallization driving force (C-C*) and solubility
(C*). Equations 10-12 were then used to calculate the growth
rates. Equations 10-12 are used to generate the growth rate
data for each PC face, which was then correlated with
supersaturation and size using Egs. 13-15. Here, it was
assumed that each selected PC face is a function of both
supersaturation and the size of the face.

G, = 1.05 x 106" x Sizepc,*'° (13)
G, =628x10"7¢—-584x 1078 (14)
G;=—-150x%x 108+ 1.22 x 107°. (15)

It turned out that only the growth at the PC1 direction is
size dependent.

PB model in the PC space

The PCA-based 3D PB equation can be written as fol-
lows:

)
72 57 W (PC1 PC2, PC3, )V (1)

+ 2pe [G1(PCL )Y(PC1,PC2, PC3, 1)

+ 55 (G2(PC2, 0/ (PC1, PC2, PC3, 1)

+ 5pc3 (G3(PC3.)0/(PC1,PC2,PC3,1)] = 0, (16)

where 1/ is the number population density function at time ¢,
G1, Gy, and G3 are the growth rates in three PC directions,
which can be estimated using Eqgs. 13—15, and V't is the total
volume of the suspension in the reactor. The first term on the
left-hand side in Eq. 16 is the accumulation of population. The
second, third, and fourth terms are the population changes for
the three PCs, respectively, because of the crystal growth in
the corresponding directions.

To solve Eq. 16, the initial Gaussian distributions of crys-
tal population in 26 dimensions (Figure 5) were converted to
new distributions in the three PC dimensions. The new dis-
tributions were curve-fitted using a Gaussian function with
the mean values of 43.5, —6.1, and —1.0 um for PC1, PC2,
and PC3, respectively, in the latent variable space (please
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Figure 5. Initial size distributions for 26 faces.

(a) eight {111} faces, (b) six {100} faces, and (c) 12 {110}
faces. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

note, in the latent variable space, negative values are
allowed). The 3D PCA-based PB equation (Eq. 16) can be
solved using a discretization method, moment of classes,
which is an extension of the numerical solution procedure
for a 2D PB equation described in David et al.** and Puel
et al.' The method is only briefly described here because its
detailed description can be found in literature." #1222 Tt is
worth noting that there are many other algorithms developed
in literature,***"*’ but moment of classes has proved to be
effective for the current process as demonstrated previ-
ously,lz’13 so is also used here.

The 3D size domain was equally discretized into ny, n,,
ns classes. The corresponding size and characteristic dimen-
sional length of each class in each dimension are APCl; =

DOI 10.1002/aic 2375



PC1; — PCl,,, APC2; = PC2; — PC2;,, APC3; = PC3; —
PC3k1 and PCl = (PCI —1 + PCI,)/2, PCZ, = (PCZ,‘,I +
PC2)/2, PC3; = (PC3,_; + PC3,)/2, respectively. After dis-
cretization over the size domain, a set of n; X n, X nsz ordi-
nary differential equations can be formed by integrating Eq.
16 over class Cl, ;x of PC1, PC2, and PC3:

o SorT & NialVe (0] +

[FY (1) = FY} (0] + [FZ (1) =

[FX7; (1) — FX},i.k (t)]

FZZI,]',/(([)} =0, (17)

where N; ;«(?) is the number of crystals in the class Cl;
PCl; PC2 PC3;
PC PC PC3;

The first term on the left-hand side of Eq. 17 is the accu-
mulation term and the second term is the net flow of crystals
in class Cl;;; in PC1 direction with the superscripts, O and
I, denoting the crystal flowing outletting from and inletting
into the Cl;j class:

¥(PC1,PC2,PC3, 1)

dPC1dPC2d4PC3. (18)

FX:)jk( ) FX:,/L( ) Gl(ﬁli.l)[a,'NiJ‘k(l)+bl‘N,‘+1Aj$k(l)]
— Gl (PCI,‘,L[) [ai,lN,;u’k(t) + bi—lNiJ',k(t)]v (19)

where a; = APCIH_I/[APCIZ(APCIH_I + APCI,)] and bi =
APCL1,/[APC1,,(APCl1,,; + APC1))]. Similarly, the third and
fourth terms on the left hand side of Eq. 17 are the net flows of
crystals in class Cl; ;x in PC2 and PC3 directions, which can be
estimated in the similar way. The boundary conditions for
crystal flow fluxes are as follows:

FXi (1) = FY}, (1) = FZj;,(1) = 0 (20)

FX7 () = FY}?y (1) = FZ7, (1) = 0. (21)

The solid concentration, Cy(?), in unit volume of suspen-
sion in a well-mixed batch crystallizer can be calculated by

Cs(t):%/// Ve (x1,200,++, Xa6,1)dx1dxp - dxag. (22)
SJxpJxp X26

In the current case, because of their similarity of eight
{111} faces, six {100} faces, and 12 {110} faces, a simpler
formulation with their corresponding average normal distan-
ces, x,y,z for {111}, {100}, and {110} faces, respectively,
was used to calculate the solid concentration as

Clry =L / / / Ve w(x3.7,0dxdydz (23)
S X y zZ

to simplify the calculation and save computational time. With
negligible effect of crystallization and temperature variation
on total volume, the volume of suspension, Vr(f), can be
calculated by V(0)/[1 — Mps Cyt)], and the solute
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concentration, C(z), can be estimated with C(0) —
Mp, C(0.

The discretized PCA-based PB equations (Eq. 17), to-
gether with a Gaussian-type initial population distribution
and the boundary conditions (Eqs. 20 and 21), were solved
in the mesh ranges of 22.5-113.8, —23.5 to 50.7, and —25.5
to 78.8 um in PC1, PC2, and PC3 directions, respectively,
with the number of the size classes being 100 x 100 x 100
and the corresponding mesh width being 091 x 0.74 X
1.0 um. The generated 1 million discretized PB equations in
ordinary differential form were solved simultaneously using
the Runge—Kutta—Fehlbergh fourth/fifth order solver™® with
automatic time-step control and the criteria of the absolute
and relative tolerance being 107% and 1074, respectively. A
moving mesh technique24 was applied during the calculation
when the mean values of the PCs (PC1, PC2, and PC3) were
propagated a few meshes from their starting locations. Test
runs with either larger number of size classes, hence smaller
corresponding mesh width, or smaller absolute and relative
tolerance produced similar prediction.

For a crystal with known values for PC1, PC2, and PC3,
the reconstruction of its values of x;, X, ...X26 can be easily
performed using the loading matrix and Eq. 9.

Cs/1 —

Results

Figure 6 shows examples of size distributions of three
PCs at 500th, 2000th, and 3300th s. It can be seen that the
most significant PC, PC1, grew much faster with time (Fig-
ure 6a). The second significant PC, PC2, was first decreasing
with time, then increasing after 2150th s. The third PC, PC3,
did not show obvious change in size during crystallization,
but with slightly negative growth because of the small nega-
tive growth rate. Using the PCA reconstruction technique,
the size distributions of the original 26 faces can be obtained
and three typical distributions in x;, x9, and x5 face direc-
tions, representing {111}, {100}, and {110} faces, respec-
tively, at different crystallization stages were illustrated in
Figure 7 and, for comparison, also plotted in Figure 7 are
the size distributions of {111}, {100}, and {110} face direc-
tions obtained from the original morphological PB model."?
Figure 7 indicates that the PCA reconstruction produced
very similar size distributions to that of the original simula-
tion. The small discrepancy on the shape of size distribution
and mean values of the three face directions might have
been caused by the truncation of the less important, 23 PCs
and/or the curve-fitting errors during the estimation of
growth rates of the three PCs. The differences of mean val-
ues between the two simulations at the crystallization time
of the 3300th s are 0.5, 2, and 1.7 um for the {111}, {100},
and {110} faces or 0.6, 1.6, and 1.7% in relative errors.

As the sizes for the 26 faces can be reconstructed from
PCs, the shape of crystals can be drawn at any time of the
crystallization process. Figure 8 shows the shape evolution
of a crystal. In Figure 8, at 3300 s, it shows the comparison
of crystal shape reconstructed from PCs and the original
shape from the original simulation.

The crystal surface areas of the three independent faces,
{111}, {100}, and {110}, reconstructed after PCA-based PB
simulation and from original morphological PB model, show
good agreement. Figure 9 depicts the evolution of the {110}
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Figure 6. Typical size distributions for individual princi-
pal components.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

boundary sector obtained in the current study and from the
previous simulation."* In Figure 9, the rings refer to different
steps of the simulation, i.e., the growth history. Agreement
between the two simulations is clearly good. The compari-
sons for the two characteristic habit faces, {100} and {110},
are plotted in Figure 10. It can be seen from Figures 10c, d
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that for face {110}, the growth history predicted by the PCA
method matches the original simulation very well. For face
{100}, i.e., Figures 10a, b, PCA reconstruction misses some
details in comparison with the growth history predicted by
the original simulation. Nevertheless, even for face {100},
the major features such as the growth trend and the surface
area are well preserved by the PCA-based simulation.

The computational time saved by carrying out a 3D PB
simulation, in comparison with otherwise carrying out a 26-
dimensional PB simulation, cannot be directly estimated.
This is because it has not been able to implement the later
because of the huge computational resource required. How-
ever, on the basis of the 3D PB calculation, we made an
order of magnitude estimation for the time that could be
needed to carry out a 26-dimensional PB simulation, which
turns out to be about 46 orders of magnitude longer than the
3D PB modeling using PCA.
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Figure 7. Size distributions of individual faces showing
good agreement between solid curves
(reconstructed from principal components)
and dotted curves (original simulation without
using PCA).

x; one of the eight {111} faces; xo one of the six {100}
faces; and x;5 one of the 12 {110} faces (c). [Color figure

can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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Figure 8. Shape evolution for a crystal, reconstructed from principal components.

Please note: (1) The crystal at 2500 s is larger than the crystal at 950 s because the scale 80 Ais larger than the scale 15 A; (2) At 3300
s, black color is reconstructed from principal components and red color is the original shape. [Color figure can be viewed in the online

issue, which is available at www.interscience.wiley.com.]

Discussion

The results demonstrated that morphological PB modeling
can be effectively performed in the transformed, latent vari-
able space. The complicated real particle shape at any time
of simulation can be reconstructed with high fidelity from
only a few PCs.

The case study based on which the above conclusion is
reached also brings about a question: now the principle is
proved, but how can the methodology be used in practice?
The case study used original data of crystal size distributions
of all 26 faces over the time span studied; however, it cannot
be expected that such original data are always available for
all other processes. As a matter of fact, as stated earlier in
the article, that even the full morphological PB model using
all the original size dimensions can be built, there is great
difficulty in obtaining a solution within an acceptable com-
putational time.

The PCA-based morphological PB modeling technique
can be used in various ways and is open for future explora-
tion. Below, we look at one way of its application to show
that it can be used in a much simpler way than in the case
study, where the purpose was to demonstrate a principle. We
still consider a seeded cooling crystallization as an example.
In order not to complicate the discussion, we also assume
that secondary nucleation can be ignored, and there is no
crystal aggregation or breakage, i.e., the total number of
crystals does not change. Only the size distributions of the
growing crystals vary with time.

First, the seed particles should be characterized to get data
of the morphology and size. The obtained data are arranged
into a matrix format of expression (E-1), with the m rows as
the particles that have been analyzed, and the n columns as
the descriptors characterizing the shape and size. PCA is
then applied to the matrix. After the selection of the number
of PCs, a new matrix as shown in the form of expression
(E-2) is obtained. Based on the matrix of (E-2), the size dis-
tribution for each of the selected PCs can be calculated. The
aforementioned procedure produces: (1) the number of PCs,
d, for which PB simulation will be carried out; (2) the initial
size distributions for the selected d PCs; and (3) a transfor-
mation matrix containing the loadings that can be used at
any time of the simulation to reconstruct the original n varia-
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bles (original shape descriptors) from the values of the d
PCs.

The only missing item prior to PCA-based morphological
PB simulation is the growth rate of each PC as a function of
supersaturation (and its size if the crystal shows size-depend-
ent growth):

Gpc, = f(supersaturation o, size of the PC;, parameters). (21)

Suppose the structure of above equation is known, the
PCA-based PB equations can be formulated with the values
of the parameters in Eq. 21 to be determined. The values of
the parameters can be obtained via model identification
using data from a real crystallization experiment.

A real cooling crystallization experiment can be carried
out using the seed crystals characterized, with operating con-
ditions, e.g., supersaturation and temperature continuously
recorded during the process. The product at the end should
be characterized in the same way as for the seed crystals.
The product characterization data will be used as the targets
in model identification for determining the parameters in Eq.
21. PCA-based morphological PB models thus built can be
used to simulate the crystallization process of the same
chemical in other operational conditions and varied seed
crystal shape and size. Determining growth rate equations
for the PC faces in PCA-based morphological PB modeling
probably is the most practical solution to the problem.
Model identification has proved to be an effective approach
for determining the length and width growth rates for plate-
like crystals in a 2D PB model developed by Oullion et al.®

The aforementioned procedure for seeded cooling crystal-
lization could be applied to processes producing irregularly
shaped particles. As far as PCA is concerned, the methodol-
ogy for dealing with particles whose shape is represented by
26 size dimensions can be directly applied to particles for
which the shape needs to be described by hundreds of size
descriptors. The original particle shape and size can be char-
acterized first. The characterization data can be processed
using PCA to obtain the number of PCs to be selected and
the size distributions for the PCs at time equal to zero. It
also provides the loading matrix to be used for shape recon-
struction in future. We can use one batch run of the process
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Figure 9. Evolution of {110} boundary sector, (a) recon-
structed from principal components and (b)
original simulation.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

to get the final product. The product is also characterized in
the same way as the original raw materials. The data can be
used to determine the parameters used in the PCA-based
models, such as in particle breakage or aggregation models.
Clearly, more research is needed to consider how to deal
with breakage and aggregation. At least the proposed idea in
this article provides a methodology that can potentially allow
us to carry out shape-based PB modeling for irregularly
shaped particles, which there has been no obvious solution
to date.
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The aforementioned discussion describes examples of
applying PCA-based morphological PB modeling without the
need of relying on the original morphological PB model.
However, even for a process that the original morphological
PB model can be built and solved within an acceptable com-
putational time, the PCA-based approach can still offer bene-
fits. For example, in the context of optimization, the expen-
sive simulation is run only once to enable the PCA; after-
ward, the PCA-based PB model replaces the original model
and is then used in the subsequent optimization. In this case,
however, one has to ensure that the PCA model remains
valid in all the process scenarios examined by the optimizer,
which may be quite different from the case where the initial
dataset was generated.

Concluding Remarks

The work has provided a proof of concept that morpholog-
ical PB models can be built in a transformed, dimensionally
reduced, latent variable domain, i.e., the PC space. In princi-
ple, by defining the morphology of a crystal using the distan-
ces of all its faces to its geometrical center, the morphologi-
cal PB model proposed previously'*'* can model the popu-
lation growth behavior of crystal of any complicated shape
with no limitation on the number of size dimensions. In
practice, the enormous computational load needed means
that if the number of crystals faces is high, the morphologi-
cal PB equations cannot be solved within an acceptable
time. The proposed PCA morphological PB modeling
approach has effectively addressed this problem because it
can significantly reduce the number of dimensions without
compromising much on the particle shape information
retained. In addition, for irregularly shaped particles, such as
those produced in milling and granulation, no attempts have
been made to introduce particle shape information into PB
simulation. The multidimensional PB models proposed in lit-
erature for crystallization are not applicable to such particu-
late processes. For example, many have used two character-
istic sizes to describe crystal shape in 2D PB for crystalliza-
tion, e.g., the length and width of a plate crystal. It is clear
that the same approach cannot be adopted for irregularly
shaped particles. The proposed PCA-based morphological
PB approach in this article has made it potentially realistic
to carry out particle shape-based PB for particulate processes
with irregularly shaped particles. In contrast to the case
study presented in this article that used 26 size dimensions
to define the shape and size of a crystal, for an irregularly
shaped particle, several hundred size dimensions might be
required to faithfully represent its shape and size. But the
latter can still be reduced to a significantly smaller number
of PCs, in the same way as reducing from 26 size dimen-
sions to three PCs. Of course, there will be anticipated and
unexpected new issues arising that have to be resolved to
apply the proposed method in this article to processes han-
dling irregularly shaped particles. An example of these
issues is that the method requires the number of original
descriptors representing shape and size for all particles, large
or small, to be the same. These issues will need new
research but the new PB modeling methodology proposed in
his article has laid the foundation forward for future investi-
gations.
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Figure 10. Comparison of the reconstructed faces from principal components and the original simulation results.

(a) Reconstructed {100} face, (b) original {100} face, (c) reconstructed {110} face, and (d) original {110} face. [Color figure can be
viewed in the online issue, which is available at www.interscience.wiley.com.]
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Notation
a;, b; = coefficient, m~!
C = solute concentration, mol m3
2380 DOI 10.1002/aic Published on behalf of the AIChE

C

C*

Clijx

Cs

d

dPCl1, dPC2, dPC3
dxy, dxz, -, dxze
dx,dy, dz

FXijioo FYijio FZiji
Gy, G2, G3

L

M

M

m

my, Mp, ==+, M,

covariance of a vector X

solubility, mol m~*

three-dimensional class

concentration of solid in the suspension, mol

3

number of eigenvectors selected

differential distances in PCI1, PC2, PC3

directions, m

= differential distances in x; (i = 1,26) directions

= differential distances in X,y,Z directions, m

= net flow rate of crystals in class Cl,;; in PCI,
PC2, PC3 directions, [nb] m > s~ !

= growth rate of three principal components, m s~

length, m

mean vector of a vector X

molecular weight of solid, kg mol ™!

total number of particles or representative

particles

= n dimensional values of a mean vector M
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Nijx

n

ny, N2, N3

PC1, PC2, PC3

PC1;, PC2;, PC3;

PCl, PC2, ..., PCn
PCl, PC2, ..., PCd
PC1;,PC2;,PC3;

number of crystals in the class Cl; jz, [nb] m~3

size dimensions

number of classes in PC1, PC2, PC3 directions
principal component, m

discretized characteristic parameters of crystal,
m

eigenvectors of n dimensions

eigenvectors of d dimensions

characteristic parameters of class Cl;, Cl;, and
Cl,

S = eigenvector
t = time, s
t1, b,..., t7 = time instant, s
T = total number of time sections
V = volume of solution, m’
V. = volume of crystals, m’
V1 = total volume of suspension, m?
W = width, m
wi, W2, ..., w, = vectors of PCA coefficients
X = a vector of n dimensions
X1, X2, =+, X6 = normal distances in multiple face directions, m
X1, X2, =+, X,, = n dimensional values of a vector X
X, 9,2 = average normal disztémces (x= 2;8:1 xi/8,
¥=2i20%i/6,2 =317 15xi/12), m
Y1, Y2 ..., Yo = eigenvectors of n dimensions

Greek letters

APCI,, APC2;, APC3; =

extent of classes Cl;, Cl;, and Cl;, m
, A, = n dimensional eigenvalues

= mean of Gaussian distribution

= density of solid, kg m~>

relative supersaturation (=C/C* — 1)

= standard deviation

= number population density function in the

suspension, [nb] m>m

;.1, /lz,

SaaX=
Il
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